Miscellaneous integration rules for algebraic functions

1: -J-u (c(d(a+bx)")*)Pdx whenpe¢z A q¢z

Derivation: Piecewise constant extraction

ic (c (d (atbx)m*HP __
Basis: Ox (3+b x) NP3 ==

Note: This should be generalized for arbitrarily deep nesting of powers.

Rule: If p¢z A qe¢z, then

(c(d(@+bx)")9)°?

(a+bx)"Pa

Ju (c(d(@+bx)")9)Pax — Ju (a+bx)"P9dx

Program code:

Int[u_.*x(c_.»(d_=*(a_.+b_.* x_))”~q_)"p_,x_Symbol] :=
(c* (d% (a+bxx) ) *q) *p/ (a+b*x) ~ (p*q) *Int [ux (a+b*xx) ~ (p*q) ,X] /;
FreeQ[{a,b,c,d,q,p},x] & & Not[IntegerQ[q]] && Not[IntegerQ([p]]

Int[u_.*(c_.x(d_.*x(a_.+b_.* x_)"n_)"q_)~p_,x_Symbol] :=
(c* (d% (a+b*x) *n) ~q) *p/ (a+bxx) * (nxp*q) *Int [ux (a+b*xx) * (nxp*q) ,x] /;
FreeQ[ {a,b,c,d,n,q,p},x] & & Not[IntegerQ[q]] && Not[IntegerQ[p]]

2. (u(c (a+bx?)9)Pdx

1: ju (c (a+bx")q)pd1x when a >0

Derivation: Piecewise constant extraction

‘e (c (axbxmHP __
Basis: 0y {c(azbx -0

(a+b x")Pa

Rule: If aze, then



Rules for normalizing algebraic functions
(c (a+bx")?)P

(a+bx“)pq

Ju (c (a+bx")¥)Pax — Ju (a+bx")PTdax

Program code:

Int[u_.*x(c_.x(a_.+b_.*x_"n_.)"q_)“p_,x_Symbol] :=
Simp[ (c* (a+bxx”~n)~q) ~*p/ (a+bxx*n) ~ (pxq) ] *Int [ux (a+bxx*n)~ (pxq) ,x] /;
FreeQ[{a,b,c,n,p,q},x] && GeQ[a,0]

2: Ju (c (a+bx")q)pd1x when a 3 @

Derivation: Piecewise constant extraction

i (c (a+bxMHP __
Basis: Oy ¢ lafixnpq == 0
(1+27)

Rule: If ate, then

Program code:

Int[u_.*(c_.x(a_+b_.*x_"*n_.)"~q_)"p_,x_Symbol] :=
Simp[ (c* (a+bxx”n)~q) *p/ (1+bxx"n/a)* (p*q) ] *Int [ux (1+bxx*n/a) ~ (p*q) ,X] /;
FreeQ[{a,b,c,n,p,q},x] && Not[GeQ[a,0]]



Rules for normalizing algebraic functions

3. |lu(e(a+bx?)? (c+dx™)")Pdx
1. |u(e (a+bx")9 (c+dx*)")Pdx whenr=q A qeZ

1: Ju (e (a+bx")? (c+dx")*)Pdx whenqez A bc-ad=0

Derivation: Algebraic simplification
Basis:If ez A bc-ad=0,then (a+bx")9 (c+dx")9 = (%)q (a+bx")24
Rule:lf gez A bc-ad == 0,then

Jufefaron) (coax)rax — [u(e(2) (arbx)e) ax

Program code:

Int[u_.*x(e_.x(a_.+b_.*x_"*n_.)"q_.*(c_+d_.*x_"n_.)"q_.)"p_,x_Symbol] :=
Int[ux (ex (d/b)~q* (a+bxx”*n)~ (2xq) ) *p,x] /;
FreeQ[ {a,b,c,d,e,n,p},x] & & IntegerQ[q] && EqQ[bxc-axd,0]



Rules for normalizing algebraic functions

2: J-u (e (a+bx")? (c+dx")9)Pdx whenqez A bc+ad=:0

Derivation: Algebraic simplification

Basis:If qeZ A bc+ad=0,then (a+bx")d (c+dx")9 = (—asz+bdx2”>q

Rule:lf gez A bc +ad == 0,then
ju (e (@a+bx")? (c+dx"))Pax — Ju (e (—

a%d

b

ayp
+bdx2"] ] dx

Program code:

Int[u_.x(e_.x(a_.+b_.*x_"n_.)"*q_*(c_+d_.*x_"n_.)"q_)"p_,Xx_Symbol] :=
Int[ux (ex (-a*2xd/b+bxdxx” (2xn) ) ~q) *p,x] /;
FreeQ[ {a,b,c,d,e,n,p},x] & & IntegerQ[q] && EqQ[bxc+axd,0]



Rules for normalizing algebraic functions

x:Jﬁ(@+bxﬂ(c+dﬂ)dewmmb+d=eAa>eAc>0

Derivation: Algebraic simplification
Basis:If a >0 A c>0,then ((a+2z) (c-2z))P= (a+2)P (c-2z)P
Note: This optional rule sometimes increase the number of integration steps required.

Rule:lf b+d=0 A a>0 A c > 0,then
Jh((a+bxﬂ(c+dxﬂ)pdx-a Jh(a+bxﬂp(c+dxﬂpdx

Program code:

(* Int[u_.*((a_.+b_.*x_"n_.)*(c_+d_.*x_"n_.))" p_,x_Symbol] :=
Int [ux (a+b*x"n) *px (c+d*x”*n)p,x] /;
FreeQ[{a,b,c,d,n,p},x] && EqQ[b+d,0] && GtQ[a,0] && GtQ[c,0] =)



Rules for normalizing algebraic functions

3: J-u (e (a+bx") (c+dx"))Pdx

Derivation: Algebraic expansion
Basis:e (a+bx") (c+dx") ==ace+ (bc+ad) ex"+bdex?"

Rule:

J-u (e (a+bx") (c+dx"))Pdx — ju (ace+ (bc+ad) ex"+bdex*")?dx

Program code:

Int[u_.*x(e_.x(a_.+b_.*x_"*n_.)*(c_+d_.*x_"n_.))"p_,x_Symbol] :=
Int[ux (axcxe+ (bxc+axd) xexx*n+bxdxexx” (2xn))*p,x] /;
FreeQ[{a,b,c,d,e,n,p},x]



Rules for normalizing algebraic functions

a+bx)\P
2. ju (e ] dx
c+dx?

a+bx"\P
1: Ju e dx whenbc-ad=-0
c+dx"

Derivation: Algebraic simplification

Basis: If bc-ad=e,thene 222 - be
c+dz d

Rule:If bc - ad == 0, then

Program code:

(bxe/d) *p*Int[u,x] /;
FreeQ[ {a,b,c,d,e,n,p},x] & & EqQ[bxc-axd,0]

Int[u_.x(e_.x(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))"p_,x_Symbol] :



Rules for normalizing algebraic functions

a+bx"\P ad
2: J-u e dx whenbde>0 A c< =
c+dx" b

Derivation: Algebraic simplification

Basis: If bde>o a TdSC,then <e a+bz>p e (a+bz))?

c+d z o (c+dz)P

Rule:lif bde >0 A c < %,then

a+bx"\P ae+bex
Ju (e ] dx — J dlx
c+dx" (c+dx")
Program code:

Int[u_.*x(e_.x(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))"p_,x_Symbol] :=
Int[ux (axe+bxexx”n)*p/ (c+d*x*n)*p,x] /;
FreeQ[{a,b,c,d,e,n,p},x] & GtQ[bxdxe,0] & GtQ[c-axd/b,0]



Rules for normalizing algebraic functions

a+bx")\P be
X. Ju e dx whenbc+ad=0 A == >0 Necessary ?? ?
c+dxn d

a+bx"\P be
1:Jue dxw%nbc+ad=0A-—>eAc>0
c+dx"

Derivation: Algebraic expansion

Basis:If bc+ad=0 A 28>0 A c>0,then (2:22)P .. (b2t

d c+dz (c+d z)P

Rule:lf bc+ad =0 A 22 59 A c > 0,then

d
a+bx"\P ae+bex
Ju(e ] dlx—»f — dx
c+dx" c+dx

Program code:

(* Int[u_.x(e_.x(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))" p_,x_Symbol] :=
Int [ux (axe+bxexx”*n)*p/ (c+d*x*n)*p,x] /;
FreeQ[{a,b,c,d,e,n,p},x] & EqQ[bxc+axd,0] && GtQ[bxe/d,0] && GtQ[c,0] =*)



Rules for normalizing algebraic functions

a+bx"\P be
2: J-u e dlxwhenbc+ad==0AT>0Ac<0
c+dx"

Derivation: Algebraic expansion

Basis:If bc+ad =0 A 28>0 A c<0,then (2:52)P . [-a-hzin
d c+dz (-c-dz)P

Rule:iff bc+ad=0 A 28 59 A c <9,then

d
a+bx"\P (-ae-bex")?
ju(e ] dlx—»J.u—dlx

c+dx" (_c_dx")p

Program code:

(» Int[u_.*x(e_.*x(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))"p_,x_Symbol] :=
Int[ux (-axe-bxexx"n)*p/ (-c-d*x”*n) *p,x] /;
FreeQ[{a,b,c,d,e,n,p},x] & EqQ[bxc+axd,0] && GtQ[bxe/d,0] && LtQ[c,0] =*)
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Rules for normalizing algebraic functions

a+bx"\P 1
3:Je dx when =€z
c+dx" n

Derivation: Integration by substitution

Basis: If 2ez A qez*, then (e o

Rule: If % € Z, let q = benominator[p], then

a+bx"\P
e dx —
c+dx" n

Program code:

Int[(e_.*x(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))" p_,x_Symbol] :

With[{q=Denominator[p]},
g*ex (bxc-axd) /nxSubst [

a+bx”>P __ ge (bnc—ad) Subst{

ge (bc-ad)

Int[x” (g* (p+1) -1) » (-axe+cxx*q)~ (1/n-1) / (bxe-d*x*q) * (1/n+1) ,x],X, (ex (a+b*x”n) / (c+d*x*n) )~ (1/q) ] ] /5

FreeQ[{a,b,c,d,e},x] & & FractionQ[p] && IntegerQ[1/n]

a+bx"\P
4. J(f x)" (e ] dx when ™t ez
c+dx" n

a+bx)pr
1: Jx'“(e ] dx whenmez A peF
c+dx

Derivation: Integration by substitution

Basis: If mez A qez’, then x" (e
c+d x

Rule:lf mez A pel, let q = penominator[p], then

M)":qe (bc-ad) Subst[

11
q(p+1)-1 (_ q %*1 ny1/ ny1/
X ( ae+1cx) , X, (e a+3xn> Q} @x <e a+3xn> q
(be*d Xq>n—+1 CcC+a X CcC+a X
x4 (p+1)-1 (—ae+qu)%'1 a+bx")/a
Subst[ dx, X, (e ]
(be—dxq)%d c+dx"
x4 (P -1 (_geicxd)M < a+bx>1/Q} < a+bx>1/q
(be-dx%)m2 > X5 (& ik Ox (& c+d x



Rules for normalizing algebraic functions

a+bx)p x3 -1 (_ae s cxd)”
Jx"‘ [e p ] dx — qe (bc-ad) Subst[J
c+dx

g a+bx 1/q]
X, X, |e
(b(__\_dxq)m'f2 T [ c+dx]

Program code:

Int[x_"m_.x(e_.x(a_.+b_.*x_)/(c_+d_.*x_))~p_,x_Symbol] :=
With[{q=Denominator[p]},

gxex (bxc-axd) *Subst [Int [x" (q* (p+1) -1) * (-axe+cxx*q) “m/ (bxe-dxx"q) * (m+2) ,Xx],X, (e*x (a+bxx) / (c+d*x) )" (1/q) ]] /5
FreeQ[{a,b,c,d,e,m},x] &% FractionQ[p] && IntegerQ[m]

a+bx"\P
2. j(fx)’" [e ] dx when ™t ez
c+dx" n

a+bx"\P nel
1: Jx"‘ e dx when €Z
c+dx"

n

Derivation: Integration by substitution
Basis: If ™t

c 7Z,then xnF[xn =- %Subst[x%'1 FIX], X, X"] 8,x"

Rule: If % e 7, then

a+bx")P 1 m1 a+bx)p
x" |e dx — —Subst[ X7 T |e dx, X, x"]
c+dx" n c+dx

Program code:

Int[x_"m_.x(e_.*(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))"p_,x_Symbol] :=
1/n%Subst[Int[x (Simplify[ (m+1) /n]-1)« (e* (a+bxx)/ (c+dxx))~p,x],x,x*n] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & IntegerQ[Simplify[ (m+1)/n]]

12



Rules for normalizing algebraic functions

a+bx"\P
2: J(fx)"' [e ’ ] dx when ™t ¢z
c+dx" n

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

Rule: If % € Z,then

J(fX)m (e a+bXn]pdlx — (ex)”

c+dx" X

Program code:

Int[ (F_»x_)"m_x(e_.*(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.)) p_,x_Symbol] :=
Simp[ (c*x)*m/x”m] *Int [x*m* (ex (a+bxx"n) / (c+d*x”*n))*p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && IntegerQ[Simplify[ (m+1)/n]]

e

a+bx"

c+dx"

p
]dlx

13



Rules for normalizing algebraic functions 14

a+bx"\P 1
5: J-P,’I e dx when 2 €z A rez
c+dx" n

Derivation: Integration by substitution

Basis: If tez A qez*, then
F[X] (e a+bx”>p __ge(bc-ad) Subst[ x3 P+ -1 (_3e+cx9)
n

c+d x" (be—dxq)fl

1a
n

(-ae+cx9)n a+bx"\ 1/q a+bx"\ 1/q
F{ ( }’X’ <e c+dx”> }Ox<e c+dx”>

Rule: If % € Z, let q = Denominator[p], then

1
n

b x"\P bc-ad X3 D1 (a3 ey cxd) 7t —ae+cx?
in (e R ] dx — MSubst[J ( - ) Subst [Py, x, u]
n

€+ dxt (be-dxi)rt (be-dxi)r

r

a+bx")/a
dx, X, [e ]

c+dx"

Program code:

Int[u_~r_.x(e_.*(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))" p_,x_Symbol] :=
With[{q=Denominator[p]},
g+ex (bxc-axd) /nxSubst [Int [Simpli-FyIntegr‘and [X* (g* (p+1) -1) * (-axe+cxx*q)~ (1/n-1) / (bxe-dxx*q) * (1/n+1) *
ReplaceAll[u,Xx- (-a*e+c*x"q)~ (1/n) / (bxe-d+x"q)~ (1/n) 1°r,x],X],X, (ex (a+bxx*n) / (c+dxx*n))~(1/q) || /;
FreeQ[{a,b,c,d,e},x] & & PolynomialQ[u,x] && FractionQ[p] && IntegerQ[1/n] && IntegerQ[r]

a+bx"

p
6: x’"P;[e ] leWhen%EZA(m|r‘)€Z

c+dx"

Derivation: Integration by substitution

Basis: |f§eZAmeZAqez+,then
B . (p+1) 1 (_ ol . . 1 1
xM FX] (e a+bx”>P __ ge(bc-ad) Subst x4 (P ( ae+mclxq) Fl ae+rcx9) X, (e a+bx”> /q Oy (e a+bx”> /q
c+d x" n (be—dxq)T” (be-dxd)n c+d x" c+d x"

Rule: |f% ezZ N (m ’ r ez, thq:Denominator‘[p], then



Rules for normalizing algebraic functions

a+bx")P ge (bc-ad) )(““’*1)‘1(—ae+cx“)m_;i‘1 (—ae+cﬁ)%r

X e X — ——— Subs ubst|P,, x, ———m X, X, |e

mp;[ ]dl Sbt[ — Sbt[P 1]d1 (
crdxt n (be-dx1) = (be-dxi)r

Program code:

Int[x_"m_.*xu_"r_.x(e_.x(a_.+b_.*x_"n_.)/(c_+d_.*x_"n_.))"p_,x_Symbol] :=
With[{q=Denominator[p]},
q*e*(b*c—a*d)/n*Subst[Int[SimplifyIntegrand[xA(q*(p+1)—1)*(—a*e+c*qu)A((m+1)/n—1)/(b*e—d*qu)A((m+1)/n+1)*
ReplaceAll[u,Xx- (-a*e+Cxx"q)~ (1/n) / (bxe-d+x"q)~ (1/n) 1°r,x],X],X, (ex (a+bxx*n) / (c+dxx*n))~(1/q) || /;
FreeQ[{a,b,c,d,e},x] & & PolynomialQ[u,x] && FractionQ[p] && IntegerQ[1/n] && IntegersQ[m,r]

# fole )

Derivation: Algebraic expansion

Rule:

b b+ac+adx"\P
Ju(a+ ) dlx—»J ( ) dx
c+dx" c+dx"
Program code:

Int[u_.*(a_+b_./(c_+d_.*x_"n_))"p_,x_Symbol] :=
Int[ux ((b+axc+axdxx”n) / (c+d*x*n) ) p,x] /;
FreeQ[{a,b,c,d,n,p},x]

a+bx

c+dx

n

n

|

15



Rules for normalizing algebraic functions

4: Ju (e (a+bx")? (c+dx")")Pax

Derivation: Piecewise constant extraction

fe. (e (a+bxM % (c+dxm) P __
BaSIS. 6)( (a+bX”)pq <c+dxn>pr - @

Rule:

(e (a+bx")? (c+dx")")P

Juteema) (eraxyyrax — SERE Sl

Program code:

Int[u_.*x(e_.x(a_.+b_.*x_“*n_.)"*q_.*(c_+d_.*x_"n_)"r_.)" p_,x_Symbol] :=
Simp[ (e* (a+bxx”n) Aq* (c+d*x”~n) ~r)*p/ ( (a+b*x”n) * (p*q) * (C+d*X*n) ~ (p*r)) ] *
Int[ux (a+b*x”n)~ (p*q) * (C+d*X~n)~ (p*r) ,x] /;
FreeQ[{a,b,c,d,e,n,p,q,r},x]

Ju (a+bx")?9 (c+dx")P" ax

16



Rules for normalizing algebraic functions

4. Ju (a+b (E)n)Pdlx
1: j(a +b (i)n)pdlx
Derivation: Integration by substitution
Basis: F[ €| = -c Subst | FIXL, x,

Rule:

J-(a+b(

Program code:

Int[(a_.+b_.*(c_./x_)"*n_)"~p_,x_Symbol] :=
-c*Subst [Int[ (a+b*x”n) *p/x"2,x],x,c/x] /;
FreeQ[{a,b,c,n,p},X]

c

x] Gxx

C

X

c

)n)p dx — -cSubst [j(—

17



Rules for normalizing algebraic functions

2, j(dx)m(a+b(§)n)pdx

: [ 9"
1: |x"(a+b dx when me z
X

Derivation: Integration by substitution

Basis: If m € Z,thenx" F[ €| = -c™?! Subst | E, X, €] o<

c
X m+2 3

Rule: If m € z, then
Jx’" (a +b (i)n)pdlx — -c™? Subst[J(

Program code:

Int[x_"m_.*(a_.+b_.*(c_./x_)"~n_)"p_,x_Symbol] :=
-c” (m+1) *Subst [Int[ (a+bxx”*n) *p/x" (m+2) ,x],X,C/X] /;
FreeQ[{a,b,c,n,p},x] & & IntegerQ[m]

a+bx")p

Xm+2

C
dx, x, —]
X

18



Rules for normalizing algebraic functions

2: J.(dx)m (a+b (E)n)pdlx when m ¢ z
X

Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy ((dx)™ (£)") =0
Basis: F| €] == -c Subst[F—sz—, X, €] oy

Rule: If m ¢ Z, then

J(dx)’“ (a+b (i)n)pdlx — (dx)" (E)mJWEE—()i)n)pdlx — -c(dx)" (c

X

Program code:

Int[(d_.*x_)"m_x(a_.+b_.x(c_./x_)"n_)"p_,x_Symbol] :=
-C* (d*Xx) “m% (c/x) *mxSubst [Int[ (a+bxx”*n) *p/x" (m+2) ,x],X,c/X] /;
FreeQ[{a,b,c,d,m,n,p},x] && Not[IntegerQ[m]]

X

)m Subst[f

(a+bx")p

Xm+2

[«
dx, X, —]
X

19



Rules for normalizing algebraic functions

5. fofsen (&) oe (2] an
ORI
Derivation: Integration by substitution
Basis: F| ¢ ] == -d Subst[F—sz—, X,
Rule:

ool

Program code:

J el

d

X

a+bx"+cx2")p

)Zn]pdlx — -d Subst[J(

Int[(a_.+b_.»(d_./x_)"*n_+c_.»(d_./x_)"n2_.)"p_,x_Symbol] :=
-d*Subst [Int[ (a+b*x*n+c*Xx” (2xn) ) *p/x"2,x],x,d/x] /;

FreeQ[{a,b,c,d,n,p},x] && EqQ[n2,2xn]

X

2

d
dx, x, —]
X
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Rules for normalizing algebraic functions

d\» d 2n\P
2. (ex)™ (a+b(—] +c(—] ) dx

X X

dyn dy2nyp
1: Jx'" [a+b(—] +c(—] ) dx when mez
X X

Derivation: Integration by substitution

Basis: If m € z,thenx"F [ ¢ = -d™* Subst | EX]-, x,

Rule: If m € z, then
Jx'“ {a+b(

Program code:

d

X

J el

d

X

X la

J oxy

a+bx"+cx2")p

]Zn)p dx — -d™!Subst [J (

Int[x_"m_.*x(a_+b_.*(d_./x_)"n_+c_.*(d_./x_)"n2_.)"p_,x_Symbol] :=
-d” (m+1) *Subst [Int[ (a+b*Xx*n+c*Xx”" (2xn) ) *p/x" (M+2) ,x],X,d/x] /;
FreeQ[{a,b,c,d,n,p},x] & & EqQ[n2,2xn] && IntegerQ[m]

Xm+2

dx, x, 3]

21



Rules for normalizing algebraic functions

dyn dy2n\p
2: J(ex)’“ (a+b(—) +c[—] ] dx when m¢ z
X

X

Derivation: Piecewise constant extraction and integration by substitution
Basis: Ox ((ex)™ (2)") =@
Basis: F| 4] = -d Subst[ﬂxi}, x, 4] 0. ¢

Rule: If m ¢ Z, then

ﬁex)m aen (2 e () ax — cenr (3”("‘”(3)("2;: 7 o

Program code:

Int[(e_.*x_)"m_x(a_+b_.x(d_./x_)"*n_+c_.*x(d_./x_)"n2_.)"p_,x_Symbol] :=
-d* (exX) *mx (d/x) “mxSubst [Int[ (a+bxXx*n+c*xXx”" (2xn) ) *p/x* (m+2) ,x],x,d/x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & EqQ[n2,2xn] && Not[IntegerQ[m]]

d\» P
6. Ju (a+b(—) +cx‘2n] dx when 2nez

X

dyn P
1: j(a+b(—) +cx‘2") dx when 2nez
X

Derivation: Integration by substitution
Basis:F[%} - -d Subst[F—[X%]—, X, %] OX%

Rule: If 2 n € 7, then

a+bx“+cx2")

dx, x, —

22



Rules for normalizing algebraic functions

C

dyn p d\n ¢ /dyzmp (a+bx"+d2" x2n)P
[a+b [—J +cx‘2") dx — (a+b [—) + (—] ) dx — —dSubSt[
X X d?" \x x?

Program code:

Int[(a_.+b_.*(d_./Xx_)"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
-d*Subst [Int[ (a+b*x*n+c/d” (2xn) *x* (2xn) ) *p/x*2,x],x,d/x] /;
FreeQ[{a,b,c,d,n,p},x] & & EqQ[n2,-2xn] && IntegerQ[2xn]

X

d\» P
2. J(ex)m (a+b(—] +cx‘2“) dx when 2nez

dyn p
1: jx’" [a+b(—] +cx‘2") dx when2nez A mez
X

Derivation: Integration by substitution

Basis: If m e z,thenx"F | ¢ = -d™?* Subst | £l D, x,

X la

J o

Rule:lIf 2n ez A me Z,then

Zn)P

dyn ) p dyn d)2n . a+bx + d;:"
x" (a+b (—) +CX “] dx — x" (a+b (—] { ] ] dx — -d™ Subst[
X X dZn X m+2

Program code:

Int[x_"m_.x(a_+b_.x(d_./x_)"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
-d” (m+1) *Subst [Int[ (a+b*x*n+c/d” (2xn) *x” (2%n) ) *p/x"* (m+2) ,x],x,d/X] /;
FreeQ[{a,b,c,d,n,p},x] &% EqQ[n2,-2xn] && IntegerQ[2xn] && IntegerQ[m]

d
dx, X, —]
X

dx, x, :1—(]



Rules for normalizing algebraic functions

dyn p
2: J-(ex)m (a+b(—) +cx‘2“) dx when2nez A m¢z
X

Derivation: Piecewise constant extraction and integration by substitution
Basis: O ((ex)™ (4)") =
Basis: F| 4] = -d Subst[ﬂ)}}, x, 4] 0. ¢

Rule:If 2nez A m¢ Z,then
J(ex)’“ (a+b [3)n+cx'2")pdlx — (ex)" (g]mJ\(a+b (%)1:)(:" (s)zn)p dx — -d (ex)"‘(

Program code:

Int[(e_.*x_)"m_x(a_+b_.x(d_./x_)"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
—-d* (exX) *mx (d/x) “mxSubst [Int[ (a+bxx"n+c/d” (2xn) *x* (2xn) ) *p/x* (m+2) ,Xx],X,d/x] /;
FreeQ[{a,b,c,d,e,n,p},x] & EqQ[n2,-2xn] && Not[IntegerQ[m]] && IntegerQ[2xn]

X

d)mSubst[JA(

< 2n
dZn X

a+bx"+

)P

xm+2

d
dx, X, —]
X
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Rules for normalizing algebraic functions

7. Ju (e (a+bx")")P (£ (c+dx")%)%ax

Derivation: Piecewise constant extraction

e (e (a+bx")™)P (f (c+dx™) )9 __
Basis: Ox (a+b x™)P" (c+d x")9® -

Rule:

(e (a+bx")")P (f (c+dx")®)*

Ju (e (a+bx")")P (£ (c+dx")*)ax —

(a+bx")P" (c+dx")?®

Program code:

Int[u_.#(e_.#(a_+b_.*x_"n_.) r_.) p_x(f_.»(c_+d_.*x_"n_.)"s_)~q_,x_Symbol] :=
(e*(a+b*x"n)"r‘)"p*(-F*(c+d*x"n)"s)"q/((a+b*x"n)"(p*r')*(c+d*x"n)"(q*s))*
Int[ux (a+b*x”n) " (p*r) * (C+d*Xx”n)~ (q*s) ,x] /;
FreeQ[{a,b,c,d,e,f,n,p,q,r,s},x]

Ju (a+bx")P" (c+dx")* ax

25



Rules for normalizing algebraic functions

Rules for normalizing algebraic functions
1. Binomial products

1. Linear

1: Ju'"dlx when u==a+bx

Derivation: Algebraic normalization

Rule: If u == a + b x, then
Ju'“d]x — J(a+bx)“‘dlx

Program code:

Int[u_"m_,x_Symbol] :=
Int [ExpandToSum[u,x]”m,x] /;
FreeQ[m,x] & LinearQ[u,x] & Not[LinearMatchQ[u,x] ]



Rules for normalizing algebraic functions

2: Ju’"v"dlx whenu==a+bx A v=c+dXx

Derivation: Algebraic normalization
Rule:lf u==a+bx A v =c+dx,then

Ju'"v"d]x — J(a+bx)'" (c+dx)"dx

Program code:

Int[u_"m_.*v_"n_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxExpandToSum[v,x]”*n,x] /;
FreeQ[{m,n},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]

3: Jumv"wpdx whenu==a+bx Av=c+dXx Aw=e+fx

Derivation: Algebraic normalization

Rule:lf u==a+bx Av=c+dx A w=e+fXx,then

jumv"wpdx — J(a+bx)'" (c+dx)" (e+-Fx)pdlx

Program code:

Int[u_"m_.*v_"n_.*w_"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxExpandToSum[v,x]~nxExpandToSum[w,Xx]”"p,x] /;
FreeQ[{m,n,p},x] && LinearQ[{u,v,w},x] && Not[Linear‘MatchQ[{u,v,w},x]]
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Rules for normalizing algebraic functions 28

4: Ju’"v"wpzqdlx whenu==a+bx Av=c+dx Aw==e+fX A z=g+hx

Derivation: Algebraic normalization
Rule:lfu==a+bx Av=c+dx Aw=e+fx A z==g+hx,then

Ju”v"w"zqd]x — J(a+bx)’" (c+dx)" (e+fx)? (g+hx)dx

Program code:
Int[u_"m_.*»v_"n_.*w_"p_.*z_"q_.,X_Symbol] :=

Int [ExpandToSum[u,x]*mxExpandToSum[v,x]~nxExpandToSum[w,x]~p*ExpandToSum[z,x]"q,x] /;
FreeQ[{m,n,p,q},x] && LinearQ[{u,v,w,z},x] && Not[LinearMatchQ[{u,v,w,z},x]]

3. General

1: Jupdx when u==a+ b x"

Derivation: Algebraic normalization

Rule: If u = a + b x", then
Ju"dlx — j(a+bx")pdx

Program code:

Int[u_”p_,x_Symbol] :=
Int [ExpandToSum[u,x]"p,x] /;
FreeQ[p,x] & BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]



Rules for normalizing algebraic functions

2: J}cxﬂupdxwhm1u=a+bx"

Derivation: Algebraic normalization
Rule: If u = a + b x", then

J(cx)’"u"dlx — J(cx)’“ (a+bx")?dx

Program code:
Int[(c_.*x_)"m_.xu_"p_.,x_Symbol] :=

Int[ (c*x) “mxExpandToSum[u,x]”*p,Xx] /;
FreeQ[{c,m,p},x] && BinomialQ[u,x] & Not[BinomialMatchQ[u,X] ]

3:thﬂdxw%nu=a+bx"Av=c+dﬂ

Derivation: Algebraic normalization
Rule:lf u=a+bx" A v=1c+dx", then

Jupqu]x — J(a+bx")p (c+dx")qd1x

Program code:

Int[u_"p_.*v_"q_.,x_Symbol] :=
Int [ExpandToSum[u,x]*pxExpandToSum[v,x]"*q,x] /;
FreeQ[{p,q},x] & BinomialQ[{u,v},x] && EqQ[BinomialDegree[u,x]-BinomialDegree[v,x],8] & Not[BinomialMatchQ[{u,v},x]]

29



Rules for normalizing algebraic functions

4: J(ex)mupqux whenu=a+bx" A v=c+dx"

Derivation: Algebraic normalization
Rule:lf u==a+bx" A v ==c+dx", then

J(ex)’"upqulx — J(ex)’" (a+bx")? (c+dx")%dx

Program code:

Int[(e_.*x_)™m_.xu_"p_.*v_"q_.,x_Symbol] :=
Int[ (e*xx) “mxExpandToSum[u,x]~p*ExpandToSum[v,x]"q,x] /;
FreeQ[{e,m,p,q},x] & BinomialQ[{u,v},x] && EqQ[BinomialDegree[u,x]-BinomialDegree[v,x],0] & Not[BinomialMatchQ[{u,v},x]]

5: Jumvaqu whenu==a+bx" Av=c+dx" Aw=e+fx"

Derivation: Algebraic normalization
Rule:lif u==a+bx" Av=c+dx" A w=-e+fx" then

Jumvaqu — f(a+bx")m (c+dx")'J (e+fx")qdlx

Program code:

Int[u_"m_.*xv_"p_.*w_"q_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxExpandToSum[v,x]~pxExpandToSum[w,x]"q,x] /;

FreeQ[{m,p,q},x] && BinomialQ[ {u,v,w},x] && EqQ[BinomialDegree[u,x]—BinomialDegree[v,x],0] &&
EqQ[BinomialDegree[u,x]-BinomialDegree[w,x],0] & Not[BinomialMatchQ[{u,v,w},X] ]
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6: J(gx)mupqurdx whenu==a+bx" Av=c+dx" A z=e+fx"

Derivation: Algebraic normalization
Rule:lf u==a+bx" Av=c+dx" A z-=2e+fx" then

f(gx)mupvq z"dx — j(gx)'“ (a+bx")? (c+dx")? (e+Fx")"dx

Program code:

Int[(g_.*x_)™m_.xu_"p_.*v_"q_.*z_"r_.,x_Symbol] :=
Int[ (g*x) “mxExpandToSum[u,x]~p*ExpandToSum[v,x]*q+ExpandToSum[z,x]*r,x] /;

FreeQ[{g,m,p,q,r},x] & & BinomialQ[{u,v,z},x] && EqQ[BinomialDegree[u,x]—BinomialDegree[v,x],0] &&
EqQ[BinomialDegree[u,x]-BinomialDegree[z,x],0] & Not[BinomialMatchQ[{u,v,z},X] ]

7 J(c X)"Pq[x] uP dx when u==a+bx"

Derivation: Algebraic normalization
Rule: If u == a + b x", then

j(cx)qu[x] uPdx — j(cx)qu[x] (a+bx")Pdx

Program code:

Int[ (c_.*x_)"m_.*Pq_xu_”p_.,x_Symbol] :=
Int[ (c*x) “mxPq*xExpandToSum[u,x]"p,x] /;
FreeQ[{c,m,p},x] & PolyQ[Pq,x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]
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Rules for normalizing algebraic functions 32

4. Improper

1: Jupdlx when u==axJ +bx"

Derivation: Algebraic normalization

Rule: If u == a xJ + b x", then
fupdx — J(axj+bx")"dlx

Program code:
Int[u_”p_,x_Symbol] :=

Int [ExpandToSum[u,x]"p,x] /;
FreeQ[p,x] && GeneralizedBinomialQ[u,x] && Not[Gener‘a1izedBinomialMatchQ[u,x]]

2: J(CX)’“u"dlx when u==axJ +bx"

Derivation: Algebraic normalization
Rule: If u == a xJ + b x", then

J(cx)’"u"dlx — J(cx)’“ (axj+bx")pd1x

Program code:

Int[(c_.*x_)"m_.*u_"p_.,x_Symbol] :=
Int[ (c*x) “mxExpandToSum[u,x]”*p,Xx] /;
FreeQ[{c,m,p},x] && GeneralizedBinomialQ[u,x] && Not[GeneralizedBinomialMatchQ[u,x]]
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2 Trinomial products
1. Quadratic

1: Jupdlx when u ==a + b x + ¢ x?

Derivation: Algebraic normalization

Rule: If u == a + b x + c X2, then

Jupdx — j(a+bx+cx2)pdx

Program code:

Int[u_”p_,x_Symbol] :=
Int [ExpandToSum[u,x]"p,x] /;
FreeQ[p,x] && QuadraticQ[u,x] && Not[QuadraticMatchQ[u,x] ]

2: Jumvpdx whenu==d+ex A v=a+bx+cx?

Derivation: Algebraic normalization

Rule:if u==d+ex A v =a+bx+cx?then

jumvpdx — J(d+ex)'" (a+bx+cx?)Pdx

Program code:

Int[u_"m_.xv_"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*mxExpandToSum[v,x]*p,Xx] /;
FreeQ[{m,p},x] && LinearQ[u,x] && QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]]
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3: Ju’"v"wpdlx whenu=d+ex Av=Ff+gx A w=a+bx+cx?

Derivation: Algebraic normalization
Rule:lifu==d+ex A v=Ff+gx A W= a+bx+cx? then

fumv"wpdx — J(d+ex)'" (Frgx)" (a+bx+cx?)?dx

Program code:
Int[u_"m_.*v_"n_.*w_"p_.,x_Symbol] :=

Int [ExpandToSum[u,x]*mxExpandToSum[v,x]~nxExpandToSum[w,Xx]”"p,x] /;
FreeQ[{m,n,p},x] && LinearQ[{u,v},x] &% QuadraticQ[w,x] && Not[Linear‘MatchQ[{u,v},x] && QuadraticMatchQ[w,x]]

4: Jupqux whenu==a+bx+cx?* A v=d+ex+fx?

Derivation: Algebraic normalization
Rule:lff u==a+bx+cx® Av=d+ex+fx?then

Jupqux — J~(a+bx+cx2)p (d+ex+fx2)qd1x

Program code:

Int[u_"p_.*v_"q_.,x_Symbol] :=
Int [ExpandToSum[u,x]*pxExpandToSum[v,x]"*q,x] /;
FreeQ[{p,q},x] & QuadraticQ[{u,v},x] & Not[QuadraticMatchQ[{u,v},x] ]
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Rules for normalizing algebraic functions 35

5 J-z’"upqulx whenz==g+hx Au=a+bx+cx? Av=d+ex+fx?

Derivation: Algebraic normalization
Note: This normalization needs to be done before trying polynomial integration rules

Rule:lf z==g+hx Au=a+bx+cx?® A v=d+ex+fx?then

Jz’“u"qulx — j(g+hx)'“ (a+bx+cx?)? (d+ex+fx?*)Tdx

Program code:

Int[z_"m_.xu_"p_.*v_"q_.,x_Symbol]
Int [ExpandToSum[z,x]*mxExpandToSum[u,Xx]~p*ExpandToSum[v,x]"q,x] /;
FreeQ[{m,p,q},x] & LinearQ[z,x] && QuadraticQ[{u,v},x] && Not[LinearMatchQ[z,x] && QuadraticMatchQ[{u,v},x]]

6: JPq[x] uP dx when u=a+bx+cx?

Derivation: Algebraic normalization

Rule: If u == a + b x + ¢ X2, then
JPq[x] uwPdx — JPq[x] (a+bx+cx?)Pdx

Program code:

Int[Pq_xu_”p_.,x_Symbol]

Int [PgxExpandToSum[u,x]”p,x] /;
FreeQ[p,x] && PolyQ[Pq,x] && QuadraticQ[u,x] && Not[QuadraticMatchQ[u,x]]
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7: Ju’"Pq[x] vdx whenu=d+ex A v=a+bx+cx?

Derivation: Algebraic normalization
Rule:lf u==d+ex A v=a+bx+cx?then

Juqu[x] v dx — J(d+ex)qu[x] (a+bx+cx?)Pdx

Program code:
Int[u_"m_.xPq_=*v_"p_.,x_Symbol] :=

Int [ExpandToSum[u,x]*mxPq*xExpandToSum[v,x]"p,x] /;
FreeQ[{m,p},x] && PolyQ[Pg,x] && LinearQ[u,x] && QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]]

3. General

1: Jupdx when u==a+bx" +cx2"

Derivation: Algebraic normalization
Rule:If u==a+bx"+cx?",then

jupdx — J(a+bx"+cx2")pdx

Program code:

Int[u_”p_,x_Symbol] :=
Int [ExpandToSum[u,x]"p,x] /;
FreeQ[p,x] & TrinomialQ[u,x] && Not[TrinomialMatchQ[u,x] ]
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2: J(d x)"uP dx when u==a+bx"+cx?"

Derivation: Algebraic normalization
Rule:If u == a + b x" + ¢ x?", then

J(d X)"uPdx — J(d x)" (a+bx"+cx*")Pdx

Program code:

Int[(d_.*x_)"m_.xu_"p_.,x_Symbol] :=
Int[ (d*x) “mxExpandToSum[u,x]”*p,Xx] /;
FreeQ[{d,m,p},x] && TrinomialQ[u,x] && Not[TrinomialMatchQ[u,x] ]

3: Juqvpdx whenu==d+ex"A v=a+bx"+cx?"

Derivation: Algebraic normalization
Rule:lf u==d+ex"A v=a+bx"+cx?" then

Juqvpd]x — J(d+ex")q (a+bx"+cxz")"d1x

Program code:

Int[u_”~q_.*v_"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*qxExpandToSum[v,x]"p,x] /;
FreeQ[{p,q},x] && BinomialQ[u,x] && TrinomialQ[v,x] && Not[BinomialMatchQ[u,x] && TrinomialMatchQ[v,x]]

Int[u_~q_.*v_"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*q*ExpandToSum[v,Xx]~p,x] /;
FreeQ[{p,q},x] && BinomialQ[u,x] && BinomialQ[v,x] && Not[BinomialMatchQ[u,x] && BinomialMatchQ[v,x]]
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4: J(fx)mzqupdx when z==d+ex"A u=a+bx"+cx?"

Derivation: Algebraic normalization
Rule:If z==d+ex"A u=a+bx"+cx?" then

J(fx)mzq uwdx — J(fx)m (d+ex")q (a+bx"+cx2")pd1x

Program code:

Int[(f_.*x_)™m_.*z_"q_.*u_"p_.,x_Symbol] :=
Int [ (f+x)~m+ExpandToSum[z,x]~q*ExpandToSum[u,Xx]"p,x] /;
FreeQ[{f,m,p,q},x] & BinomialQ[z,x] && TrinomialQ[u,x] &% Not[BinomialMatchQ[z,x] & TrinomialMatchQ[u,x] ]

Int[(f_.*x_)™m_.*z_"q_.*u_"p_.,x_Symbol] :=
Int[ (f*x)~mxExpandToSum[z,x]~q+ExpandToSum[u,x]*p,x] /;
FreeQ[{f,m,p,q},x] && BinomialQ[z,x] && BinomialQ[u,x] && Not[BinomialMatchQ[z,x] && BinomialMatchQ[u,x] ]
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5: JPq[x] uPdx whenu==a+bx"+cx?"

Derivation: Algebraic normalization

Rule:lf u==a+bx"+c in,then
JPq[X] uPdx — qu[x] (a+bX"+CX2n)pd1x

Program code:

Int[Pq_xu_"p_.,x_Symbol]

Int [PgxExpandToSum[u,x]”*p,Xx] /;
FreeQ[p,x] && PolyQ[Pq,x] && TrinomialQ[u,x] && Not[TrinomialMatchQ[u,x]]

6: J(d x)"Pq[x] uP dx when u==a+bx"+cx?"

Derivation: Algebraic normalization

RUle: If Uu--2a-+ b Xn +C in then
>
J(d X)"Pq[x] UPdx — J(d x)"PqIx] (a+bx"+cx2")Pdx

Program code:

Int[(d_.*x_)"m_.xPq_xu_"p_.,x_Symbol]

Int[ (d*x) “mxPq*xExpandToSum[u,x]"p,x] /;
FreeQ[{d,m,p},x] && PolyQ[Pq,x] && TrinomialQ[u,x] && Not[TrinomialMatchQ[u,x]]
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4. Improper

1: Jupdlx when u==ax9+bx"+cx2"

Derivation: Algebraic normalization
Rule: If u == ax9 + b x" + ¢ x2"9, then

Jupdx — J(a x?+bx"+ cx2"‘q)"d1x

Program code:
Int[u_”p_,x_Symbol] :=

Int [ExpandToSum[u,x]"p,x] /;
FreeQ[p,x] && GeneralizedTrinomialQ[u,x] && Not[GeneralizedTrinomialMatchQ[u,x]]

2: J(dx)’“u"dlx when u==ax9+bx"+cx2"9

Derivation: Algebraic normalization
Rule:If u == ax9 + bx"+ c x2"9, then

J(dx)’"updlx — J(dx)’“ (axI+bx"+cx*"9)Pdx

Program code:

Int[(d_.*x_)"m_.xu_"p_.,x_Symbol] :=
Int[ (d*x) “mxExpandToSum[u,x]”*p,Xx] /;
FreeQ[{d,m,p},x] && GeneralizedTrinomialQ[u,x] && Not[Gener‘alizedTr‘inomialMatchQ[u,x]]
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3: Jzu"dlx when z==A+BXx"9 A u==ax%+bx"+cx2"

Derivation: Algebraic normalization
Rule:If z==A+Bx" 9 A u-=ax9+bx"+cx?"9 then

Jzupdlx — j(A+Bx"‘q) (axq+bx"+cx2"‘q)pdlx

Program code:

Int[z_*u_"p_.,x_Symbol] :=
Int [ExpandToSum[z,x] *ExpandToSum[u,x]”*p,Xx] /;
FreeQ[p,x] && BinomialQ[z,x] && GeneralizedTrinomialQ[u,x] &&
EqQ[BinomialDegree[z,x]—GeneralizedTrinomia1Degree[u,x],0] && Not[BinomialMatchQ[z,x] && Gener‘alizedTrinomiaIMatchQ[u,x]]

4: J(fX)mzu"dlx when z==A+BX"9 A u==ax9+bx"+cx2d

Derivation: Algebraic normalization
Rule:If z==A+Bx" 9 A u=ax9+bx"+cx?"9 then

~[(-Fx)'"zu"dlx — j(fx)m (A+Bx"‘q) (axq+bx"+cx2"‘q)pd1x

Program code:

Int[(f_.*x_)™m_.*z_»u_"p_.,x_Symbol] :=
Int[ (f»x)~mxExpandToSum[z,x]«ExpandToSum[u,x]"p,x] /;

FreeQ[{f,m,p},x] && BinomialQ[z,x] & GeneralizedTrinomialQ[u,x] &&
EqQ[BinomialDegree[z,x]-GeneralizedTrinomialDegree[u,x],0]| && Not[BinomialMatchQ[z,x] && GeneralizedTrinomialMatchQ[u,Xx] ]
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